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ABSTRACT 
A representation for momentum operators corresponding to real 
observables is obtained by using functional integration in phase 
space. 
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1. In t roduc t ion  
. 
In  quantum mechanics, r e a l  observables such as energy and 
momenturr are represented by ope ra to r s  t h a t  a r e  s e l f - a d j o i n t  on the  
domain of p h y s i c a l l y  acceptable  bound s t a t e  wave funct ions.  A w e l l -  
known example i s  provided by the form f o r  t he  momentum 
ope ra to r  con juga te  t o  coordinate  , where t h e  domain i s  
t h e  e n t i r e  r e a l  l i n e  R . However, i f  t h e  domain i s  an 
i n t e r v a l  P,p] of R , a more general  r e p r e s e n t a t i o n  of P i s  
necessary t o  ensure se l f - ad jo in tness .  One such general  form f o r  ? 
has  been suggested by Robinson and Hirschfelder  c11 , while an 
equ iva len t  i n t e g r a l  form, which can a l s o  be extended t o  funct ions of ? 
has been proposed by Robinson and Lewis [23 . 
obtained i n  the context  of conventional Schrodinger quantum mechanics. 
These forms were 
II 
An a l t e r n a t i v e  way t o  def ine ope ra to r s  i s  poss ib l e ,  however, 
through an extension of t he  Feynman approach t o  quantum mechanics 
due t o  Davies [S] . 
Schrgdinger approaches was e s t ab l i shed  by in t roduc ing  a s u i t a b l e  
inne r  product i n  func t ion  space. This  inner  product was defined f o r  
func t ions  on -GO < , and t h e  usua l  s e l f - a d j o i n t  ope ra to r s  
I n  t h i s  work t h e  equivalence of t h e  Feynman and 
a p p r o p r i a t e  t o  t h i s  dandn were the re fo re  obtained. But t he  d e f i n i t i o n  
i s  r e a d i l y  extended t o  o the r  domains , and hence can be used 
t o  o b t a h  gene ra l  self-ad j o i n t  r e p r e s e n t a t i o n s  f o r  va r ious  ope ra to r s .  
T h i s  i s  done he re  f o r  any r e a l  fuilction of 'P 
r e p r e s e n t a t i o n  l eads  t o  those given in [l] and [2] e 
The r e s u l t i n g  
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2. Representation of operator  F(?) 
Following Davies [3] we introduce a func t ion  space with 
elements f($) , , e t c .  which are  he re  1 
defined on the i n t e r v a l  [d,/3] of the r e a l  l i n e .  Then the  appropr i a t e  
inner  product (f,Q) i s  def ined as follows: 
where 
J i s  a func t iona l  i n t e g r a l  over a l l  phase space h i s t o r i e s  from %lo)=+ 
t o  v(7) =+ ‘ I  
I f  a d i v i s i o n  
, and involves  only t h e  c l a s s i c a l  v a r i a b l e s  p and + . 
3 
. 
This  i s  r e a d i l y  eva lua ted  and w e  f ind  t h a t  
where 6 i s  the  Dirac d e l t a  funct ion.  Thus t h e  inner  product (f,?) 
b ec  ome s 
which i s  the  f r equen t ly  used inner product of func t ion  space. 
Now we de f ine  the  opera tor  corresponding t o  a r e a l  func t ion  F(P) 
of the  momentum v a r i a b l e .  This  i s  done i n  terms of t he  inner  product 
where 
. 
i n  which a t i m e  T has been a s soc ia t ed  wi th  F C P ( t 9  such t h a t  
0 <74 < 7 , and once more the  func t iona l  i n t e g r a t i o n  i s  over a l l  
phase space h i s t o r i e s  sub jec t  t o  the  r e s t r i c t i o n s  
Making the  same d i v i s i o n  of the time i n t e r v a l  @,TI 
may w r i t e  B($:7;${0)  as 
as before,  we 
where I < j 6 YI . It i s  then found t h a t  
where 
Hence equat ion (8) becomes 
. 
a r e s u l t  which i s  independent of t h e  choice of t and . When 
F(p) t I 
i t  should. 
, t he  i d e n t i t y  operator,  equat ion (14) reduces t o  (7 )  as 
The cond i t ion  f o r  FR) t o  be s e l f - a d j o i n t  on t h e  domain of 
t h e  elements of t h e  func t ion  space i s  
Using (14) and t h e  f a c t  t h a t  
i m p l i e s  t h e  r e l a t i o n  
F i s  a r ea l  function, w e  f i nd  t h a t  (15) 
t h a t  is ,  (14) i s  independent of t h e  order  of i n t e g r a t i o n .  Hence we 
may r e p r e s e n t  t he  s e l f - a d j o i n t  operator  F(P) by t h e  inner  product 
where 
6 
subject to condition (16) for self-adjointness. 
3. Alternative forms 
Equation (17) may be written as 
where 
and where the order of the 2’ and %’ integrations has been 
interchanged. Hence F(?) may be defined by 
with G(3) given by (20). 
Robinson and Lewis [ 2 3  . 
This is the representation proposed by 
7 
Next we consider t he  s p e c i a l  case  F[T) = ?  . This  operator can 
be represented  by the  appropriate  form of (21), but  t h e r e  i s  another 
form, which can be obtained d i r e c t l y  from (17)  and (18). For F(?)=P 
equat ion  (18) may be w r i t t e n  a s  
8 li 
and 
and impose condition (16) for self-adjointness, we find that 
Thus (24) becomes 
we may write (28) in the form 
9 
or  
This  i s  t h e  r e p r e s e n t a t i o n  of ? suggested by Robinson and 
Hirschfe lder  c 13 us ing  q u i t e  a d i f f e r e n t  se t  of cons idera t ions .  
4 .  Concluding remarks 
A r e p r e s e n t a t i o n  for  r e a l  func t ions  of t h e  momentum opera tor  
P 
The r e s u l t i n g  ope ra to r s  a r e  s e l f - a d j o i n t  on t h e  i n t e r v a l  [ X , / 3 ]  of  
t h e  r e a l  l i n e .  For t h e  operator  P i t s e l f ,  the  r e p r e s e n t a t i o n  involves  
has  been obtained by us ing  func t iona l  i n t e g r a t i o n  i n  phase space.  
t h e  f i r s t  d e r i v a t i v e  o f  t h e  d e l t a  funct ion,  i n  agreement wi th  t h e  
t rea tment  of momentum given by Kramers E43 . 
The p resen t  work has  d e a l t  s o l e l y  with Car tes ian  coord ina tes .  
It would be of i n t e r e s t  t o  extend the  method t o  o ther  coord ina te  
systems, though t h i s  may prove d i f f i c u l t  i n  t h e  l i g h t  of w r k  by 
Edwards and Gulyaev [ 5 ]  on func t iona l  i n t e g r a l s  i n  polar  coord ina tes .  
i' 
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grat ion in  phase  space .  
MOMENTUM OPERATORS IN QUANTUM MECHANICS 
A. M. Arthurs 
1. Introduct ion 
In quantum m e c h a n i c s ,  r e a l  obse rvab le s  s u c h  as energy  and  momentum a re  
r e p r e s e n t e d  by opera tors  t h a t  a r e  se l f -ad jo in t  o n  t h e  domain of phys i ca l ly  
a c c e p t a b l e  bound s t a t e  wave  funct ions.  A wel l -known example is provided by 
the  form P =  -i a/  a q for t he  momentum operator  conjugate  t o  coord ina te  q ,  
which  is se l f -ad jo in t  o n  the  r e a l  l i ne  ( - m ,  m)  . However,  i f  t he  domain is a n  
in t e rva l    CY,^] of the  r e a l  l i n e ,  a more genera l  r ep resen ta t ion  of P is n e c e s s a r y  
to  ensure  se l f - ad jo in tness .  One s u c h  gene ra l  form for P h a s  been  s u g g e s t e d  
by Robinson and  Hirschfelder  [ l ] ,  while a n  equ iva len t  in tegra l  form, which  c a n  
also be  ex tended  t o  func t ions  of P ,  h a s  b e e n  proposed by Robinson a n d  Lewis  
[ Z ]  . These  forms were  p re sen ted  i n  t he  con tex t  of convent iona l  Schrodinger 
quantum mechan ics .  
An a l t e rna t ive  way  to def ine  opera tors  is p o s s i b l e ,  however ,  through a n  
e x t e n s i o n  of the  Feynman approach  to  quantum mechan ics  due t o  Dav ies  [3 ] .  
In t h i s  work the  equ iva lence  of tne Feynman and  Schrodinger approaches  w a s  
e s t a b l i s h e d  by in t roducing  a su i t ab le  inner  product i n  func t ion  s p a c e .  This 
inner  product  w a s  de f ined  for func t ions  on  the  r e a l  l i n e ,  a n d  the  u s u a l  self- 
a d j o i n t  opera tors  appropr ia te  to th i s  domain were  therefore  obtained.  But the  
, 
d e f i n i t i o n  is r ead i ly  ex tended  t o  other domains .  and  h e n c e  can b e  u s e d  to ob ta in  
Sponsored  by the  Mathemat i c s  Research Cen te r ,  Uni ted  S t a t e s  Army, Mad i son ,  
W i s c o n s i n  unde; Con t rac t  h.:, DA-ll-022-ORD-2059, 'and the  Univers i ty  of 
W i s c o n s i n  Theore t ica l  Chemistry Ins t i tu te  under  Nat ional  Aeronaut ics  a n d  Space  
Adminis t ra t ion Grant  N s  G- 2 7 5- 6 2.  
gene ra l  self-adjoint  r e p r e s e n t a t i o n s  for  va r ious  ope ra to r s .  
for a n y  r e a l  funct ion of P . 
i n  [ l ]  a n d  [ 2 ] .  
This is done  he re  
The r e su l t i ng  r e p r e s e n t a t i o n  leads to t h o s e  g i v e n  
2. The inner product 
Following D a v i e s  [3 ]  we  introduce a funct ion s p a c e  with e l e m e n t s  
f ( q ) ,  g ( q ) ,  e t c . ,  which a r e  here  de f ined  on t h e  in t e rva l    CY,^] of t h e  r e a l  l ine .  
Then the  inner product ( f ,  g )  is de f ined  as  follows: 
where 
is a funct ional  integral  over  a l l  p h a s e  s p a c e  h i s t o r i e s  f r o m  q ( o )  := q 1 t o  
q(T)  = q" , and invo lves  only t h e  c l a s s i c a l  v a r i a b l e s  p a n d  q . If a d i v i s i o n  
0 - t  < t  < t  < . . .  < t  = T n 0 1 2  
of the  time interval  ( 0 , T )  is made,  a n d  i f  
t nen  A(q", T ;  q' , 0 )  is g iven  by 
A(q",  T ;  q ' ,  0 )  = l i m  ,I dql . . . ,I 3 . . .  J dPn dqn-l 
--co 27T -0-l ZIT -00 n-+m -CO 
n 
This is r ead i ly  eva lua ted  a n d  w e  find tha t  
( 3 )  
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I I '  
where  6 is the  Dirac d e l t a  funct ion.  Now q = q a n d  q = q , 
0 n 
A(q", T ;  q ' ,  0 )  = 6(q" - 9') , 
a n d  hence  
(7 1 
which  is the  f requent ly  u s e d  inner  product of func t ion  s p a c e .  
3 .  Representa t ion  of opera tor  F(P). 
Now we def ine  the  opera tor  corresponding to  a r e a l  func t ion  F (p )  of the  
i n  w h i c h  a t ime T h a s  b e e n  a s s o c i a t e d  with F 
a n d  o n c e  more t h e  func t iona l  in tegra t ion  is over 
to t h e  r e s t r i c t i o n s  
P(T ) ]  s u c h  tha t  0 < T < T , 
all p h a s e  s p a c e  h i s t o r i e s  s u b j e c t  
Making the  same d i v i s i o n  of the  t ime in te rva l  ( 0 ,  T) as before ,  w e  may wr i te  
B(q" ,  T ;  q' , 0 )  as  
# 6 7 9  
B(q", T; q ' ,  0 )  = l i m  n+W 
dq l . .  . dqn-l  -cQ 
-cQ --co -cQ 
where  j i s  a n  integer  s u c h  t h a t  1 ,< j - Cn . It is then  found t h a t  
L. 
B(q", T ; q ' ,  0 )  = F(q" - 9 ' )  , 
where 
Hence equa t ion  (11) becomes 
, 
a r e s u l t  which  is  independent  of T a n d  T . When F(P) is e q u a l  t o  the ident i ty  
o p e r a t o r ,  equat ion (15) r e d u c e s  t o  (8) ,  as  i t  should.  
The condition for F(P) t o  be  self-adjoint  o n  t h e  interval  [ a ,  p ]  is 
Using (15) a n d  the f a c t  t ha t  F is a r e a l  funct ion,  we  f ind t h a t  (16) imp l i e s  
the r e l a t ion  
P- P P P- 
f (9") { ?'(q'' - 9') g (q ' )  dq' } dq" = { f (9") F(S" - 9') dq" I (I(@) dq'  , 
CY CY C Y C Y  
(17) 
t n a t  i s ,  (15) is independent  of the order of integrat ion.  Hence we  may r e p r e s e n t  
00 
1 
F ( q )  = J e i C q F ( 5 ) d 5  
-00 
s u b j e c t  t o  condi t ion (17) for s e l f - a d j o i n t n e s s .  
4.  Alternative forms. 
Equation (18) may be  wr i t t en  as 
- 4- #679 
-~ 
i n  wnic'n 
a n d  where we  have  in t e rchanged  t h e  order of the  5 a n d  q '  integrat ions.  
F(P)  may be de f ined  by 
Hence 
wi th  G ( 6 )  g iven  by (21). 
a n d  Lewis  [2]. 
This i s  the r ep resen ta t ion  proposed by Robinson 
Next we c o n s i d e r  t h e  s p e c i a l  case F(P) = P . Tnis operator c a n  be 
r e p r e s e n t e d  by t h e  appropriate  form of ( 2 2 ) ,  but  there  is ano the r  form, wxich 
c a n  be ob ta ined  d i r ec t ly  from (18) and (19). 
be wr i t t en  a s  
For F(P)  = P , equa t ion  (19) may 
where 6' is the  f i r s t  de r iva t ive  of the d e l t a  function. Hence (18) g i v e s  
P p- 
( f ,  Pg) = -i 1 1 f (9") 6' (9" - q ' )  g (q ! )  dq' dq" ( 2 4 )  
a a  
#679 
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If we  wr i t e  
a n d  
LY 
a n d  impose condi t ion (17) for s e l f - a d j o i n t n e s s ,  w e  f ind t h a t  
1 
= p = 2  
Thus ( 2 5 )  becomes  
CY 
we  may write ( 2 9 )  in the  f o r m  
P 
( f ,  Pg) = /k)  (-1 ag a t i - i d  - ( p - q )  - i i b + ( q - r u ) ) g ( q ) d q  , 
CY 
or 
This is the r ep resen ta t ion  of P s u g g e s t e d  by  Robinson a n d  Hirschfeldc-r [ l]  
us ing  qui te  a different  s e t  of c o n s i d e r a t i o n s .  
5. Concludinq remarks.  
A r e p r e s e n t a t i o n  for r e a l  f u n c t i o n s  of t h e  momentum operator  P h a s  b e e n  
ob ta ined  by us ing  func t iona l  integrat ion i n  p h a s e  space. The result . ing 
ope ra to r s  a r e  self-adjoint  o n  the  in t e rva l  [CY, p I of t h e  r e a l  l i ne .  For the  
$ 6 7 9  
operator  P i t s e l f ,  the  r ep resen ta t ion  invo lves  the  f i r s t  der iva t ive  of the  
de l ta  func t ion ,  in agreement  wi th  the t rea tment  of momentum given  by 
Kramers [4]. 
s t andpo in t ,  can a l s o  be found i n  a paper by Fuchs [5]. 
Some r e l a t e d  work on  ope ra to r s ,  from qui te  a different 
The p resen t  work h a s  d e a l t  so l e ly  with Cartesian coord ina tes .  It would 
be  of i n t e re s t  to ex tend  t h e  method to other  coord ina te  s y s t e m s ,  though th i s  
may prove diff icul t  i n  the l ight  of work by Edwards and  Gulyaev [6] on 
func t iona l  in tegra ls  i n  polar coord ina tes .  
I should  l ike  t o  thank Professor  J. 0. Hirschfelder  and  Professor  B. Noble 
for helpful  d i s c u s s i o n s  on  th i s  sub jec t ,  and  Professor C. A. Coulson  for 
br inging t h e  paper  of Fuchs t o  my at tent ion.  
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